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We study the phonon dynamics in lattices of optomechanical resonators where the mutually
coupled photonic modes are coherently driven and the mechanical resonators are uncoupled and
connected to independent thermal baths. We present a general procedure to obtain the effective
Lindblad dynamics of the phononic modes for an arbitrary lattice geometry, where the light modes
play the role of an effective reservoir that mediates the phonon nonequilibrium dynamics. We show
how to stabilize stationary states exhibiting directional heat currents over arbitrary distance, despite
the absence of thermal gradient and of direct coupling between the mechanical resonators.
Introduction — The emergence of persistent currents
in many-body systems is tightly bound to fundamental
concepts in classical and quantum physics. In classical
electrodynamics any permanently magnetized object ex-
hibits persistent electronic currents [1]. A conducting
ring in the quantum coherent regime supports a perma-
nent electric current when pierced by an external mag-
netic field [2]. When pairing interactions are considered,
a superconductor cooled below critical temperature dis-
plays persistent currents, and a constant magnetic field
builds up through any continuous loop of the material
[3].
These manifestations of persistent currents involve two
noticeable ingredients: (i) an external gauge field and (ii)
the presence of a significant coherence extending over the
entire sample [4]. Recently, it was shown that these in-
gredients are not strictly required, and that permanent
currents in rings can instead be generated by reservoir
engineering [4, 5], where specific many-body quantum
states with properties of interest are stabilized [6, 7].
More than a mere source of decoherence, the environ-
ment becomes then a tool to generate correlated phases,
sometimes with no equilibrium counterpart [8]. In this
context, the study of systems driven by non-local dissi-
pators has emerged, notably in relation to non-reciprocal
behaviors [5]. In several non-reciprocal realizations, a di-
rect coupling between two bosonic modes was engineered
through a common ancillary degree of freedom [9, 10].
Very recently, the concept of engineered directionality
was theoretically scaled up to extended lattices, by tai-
loring ancilla-assisted interactions [4, 11–13].
Besides non-reciprocity, the coupling of independent
mechanical modes to commonly shared optical modes
was proposed to transport phonons between distant res-
onators [14], to model out-of-equilibrium quantum ther-
modynamics [15], and experimentally implemented to
phase-lock adjacent [16] and distant [17, 18] mechanical
resonators. Yet, no discussion was made of the non-local
quantum dynamics of extended lattices in optomechan-
ics, despite its potentially uncommon features.
In this work, we study analytically the effective dy-
namics of originally independent mechanical resonators
coupled to extended lattices of driven-dissipative optical
cavities. We express the general master equation of such
a reservoir-coupled system and compare our predictions
with a mean-field approach. Our study demonstrates
that rings of lattices of optically-coupled optomechani-
cal resonators [19, 20] can exhibit permanent whirling
phonon currents. The latter are mediated by spatially
correlated quantum fluctuations of the optical fields, in
the absence of direct mechanical coupling, and triggered
by proper tuning of the phase of the optical drive. The
magnitude of the current is expressed analytically within
a Born-Markov approximation, while the heat flow per-
sists when mechanical resonators interact with indepen-
dent thermal baths, over a wide range of temperatures.
The existence of permanent phonon currents despite
the absence of thermal gradient and of direct coupling
between mechanical resonators is a novel phenomenon
with no counterpart in models studied so far.
Generic model — The system under consideration con-
sists of a network of L optomechanical resonators whose
optical modes are coherently driven by external laser
fields. Neighboring cavities are optically coupled to one
another, while mechanical modes are not. In a specific
implementation with optomechanical disk resonators, op-
tical modes are whispering gallery modes of adjacent
resonators, while mechanical modes are radial breath-
ing modes of individual disks [21]. Such resonators can
be fabricated with ultra-low site-to-site disorder [22].
One optomechanical cell is schematically illustrated in
Fig. 1 (a).
While in the following we focus on 1D chains, here for
the sake of generality, we consider an arbitrary network
where the coupling between adjacent photonic modes is
fully specified by a L × L adjacency matrix A where
A``′ = 1 if the sites ` and `
′ are coupled and A``′ = 0
otherwise. In the frame rotating at the driving frequency
ωp, the unitary part of the dynamics is described by the
following Hamiltonian [23] (~ = 1):
Hˆtot =
L∑
`=1
[−∆`aˆ†` aˆ` + F ?` aˆ` + F`aˆ†` − g`aˆ†` aˆ`(bˆ` + bˆ†`)]
− J
2
L∑
`,`′=1
A``′ aˆ
†
` aˆ`′ +
L∑
`=1
ω(`)m bˆ
†
` bˆ`, (1)
where aˆ` and bˆ` are respectively the photonic and
phononic annihilation operators of the `-th resonator,
ar
X
iv
:1
91
0.
09
87
8v
1 
 [q
ua
nt-
ph
]  
22
 O
ct 
20
19
2`−1 aˆ`
F`
`+1
J J
γc
bˆ`
g
T`
(a)`+ 1
`
`φ
(`+1)φ
T γc
J
(a) (b)
FIG. 1. (a) Schematic representation of a single optomechan-
ical cell and its nearest-neighbor optical couplings. aˆ` (bˆ`) is
the optical (mechanical) mode of index `. (b) Ring of optome-
chanical disk resonators. Each site is optically driven with a
phase that varies as `φ, being ` the site number. Optical
modes are coupled while mechanical ones are not.
∆` = ωp − ω(`)c denotes the detuning of the driving laser
frequency with respect to the local bare cavity frequency
ω
(`)
c , F` is the (complex) amplitude of the coherent drive,
g` is the optomechanical vacuum coupling rate and J is
the hopping rate between connected optical cavities. In-
coherent processes associated to local photon losses (at
a rate γ(`)c ) and phonon thermalisation with their respec-
tive thermal baths (at a rate γ(`)m ) are taken into account
by means of a master equation for the system density
matrix in the Lindblad form, which fully determines the
system evolution:
∂tρˆ(t) = Ltotρˆ(t) ≡ −i[Hˆtot, ρˆ(t)] +Dtotρˆ(t), (2)
where
Dtotρˆ =
L∑
`=1
{
γ(`)m
[
(n¯` + 1)D[bˆ`]ρˆ+ n¯`D[bˆ†`]ρˆ
]
+γ(`)c D[aˆ`]ρˆ
}
, (3)
with D[Oˆ]ρˆ = OˆρˆOˆ† − 12{Oˆ†Oˆ, ρˆ} and n¯` the average
number of thermal bosons due to the `-th thermal bath.
Provided γc  2g〈aˆ†aˆ〉1/2, as we assume in what fol-
lows, optical fluctuations are negligibly affected by the
mechanics and the coupled cavities can be regarded as
an extended optical reservoir which can safely be adi-
abatically eliminated in a wide range of the parameter
space [24]. By adjusting J/γc, one can tune the corre-
lation length of the reservoir going from the uncoupled
resonators local case (J/γc  1) to that of a reservoir
with resolved spectrum (J/γc  1) [14, 15].
Adiabatic elimination of an extended driven-dissipative
reservoir — By splitting the fields into their mean-field
value plus zero-mean fluctuations as aˆ` = α`+cˆ` and bˆ` =
β`+dˆ`, we can expand the Hamiltonian and the dissipator
to second order in the fluctuations around mean-field:
Hˆ ′tot '
L∑
`=1
[
− ∆˜`cˆ†` cˆ` −
J
2
∑
`′A``′ cˆ
†
` cˆ`′ + Vˆ` + ω
(`)
m dˆ
†
` dˆ`
]
,
(4)
where ∆˜` ≈ ∆` + 2g2` |α`|2/ω(`)m (for a high mechanical
quality factor), Vˆ` = (G
∗
` cˆ` + G`cˆ
†
`)(dˆ` + dˆ
†
`), G` = g`α`,
and the mean fields {α`, β`} respect a self-consistency
relation [25] that exactly cancels all linear terms in the
Hamiltonian. Both the amplitude and the phase of G`
can be tuned through the driving. The dissipator re-
mains that of Eq. (3) substituting aˆ`, bˆ` → cˆ`, dˆ`. In
this displaced frame, it becomes clear that finite-lived
(τc = 1/γc) quantum optical fluctuations are not exter-
nally driven but can enter the reservoir from the me-
chanics through the now linear optomechanical coupling
(Vˆ`), and can then be scattered back into some distant
mechanical mode or be dissipated. We formalize this in-
tuition hereafter by looking at the reduced dynamics of
the mechanical degrees of freedom.
Within the Born-Markov approximation, the lattice of
cavities can be adiabatically eliminated (see Supplemen-
tal Material [26]) yielding the following effective Hamil-
tonian and dissipator for the mechanical modes:
Hˆeffm =
L∑
`=1
ω(`)m dˆ
†
` dˆ` +
L∑
`,`′=1
(Ω(+)``′ + Ω
(−)
`′` )dˆ
†
` dˆ`′ , (5)
Deffm ρˆm =
L∑
`=1
γ(`)m
[
(n¯` + 1)D[dˆ`]ρˆm + n¯`D[dˆ†`]ρˆm
]
+
L∑
`=1
(
Γ(+)` D[βˆ(↓)` ]ρˆm + Γ(−)` D[βˆ(↑)` ]ρˆm
)
, (6)
where Ω(±) = 12i
(
S(±) − S(±)†) is the effective coherent
coupling, determined by the spectrum of the extended
reservoir:
S(±)``′ = G
?
`
[
i1
±ω(`′)m 1−B
]
``′
G`′ , (7)
with B = −J2 A − Diag({∆˜i + iγ
(i)
c
2 }). The non-local
dissipation rates are given by the eigenvalues of its Her-
mitian part, Diag({Γ(±)` }) = U(±)(S(±) + S(±)†)U(±)†,
where U(±) are the associated diagonalising unitary ma-
trices. Finally, the non-local jump operators are defined
as βˆ(↓)` =
∑L
`′=1 U
(+)
``′ dˆ`′ , βˆ
(↑)
` =
∑L
`′=1 U
(−)
``′ dˆ
†
`′ (note that
in general βˆ(+)` 6= βˆ(−)†` ). These results can be extended
to continuous reservoirs and two-tone driven reservoirs
generating multi-mode squeezing (see SM [26]).
In the case of a finite 1D chain with nearest-neighbors
coupling as henceforth considered, B takes the form of
a tridiagonal matrix and has thus explicit inverse ex-
pressions [27]. When |∆ ± ωm − iγc/2| / J/2, off-
diagonal elements have exponentially decreasing magni-
tudes |S(±)`,`+p/S(±)`,` | ∼ (J/2)p/|∆±ωm−iγc/2|p so that the
reservoir mainly couples neighboring mechanical modes,
as expected from the finite lifetime of the optical fluc-
tuations within the optical lattice. The range of the ef-
fective interaction can thus be selected by tuning J/γc.
In contrast to previous works, where directional nearest-
neighbors couplings at each edge 〈`, `′〉 are engineered
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FIG. 2. (Color online) Left panel: absolute value of the ef-
fective coherent coupling rate J (+)p between mechanical sites
as a function of their distance p and the nonlinear detuning
∆˜. The hatched regions correspond to negative values. Three
horizontal section cuts (labeled as A, B, C) are plotted in
the right panel. Parameters: L = 16, |α|2 = 100, J/γc = 2,
g/ωm = 1 · 10−2, γc/ωm = 1 · 10−1, and γm/ωm = 10−3.
by having an independent ancillary mode coupled exclu-
sively to the sites ` and `′, we can simply rely on the finite
lifetime of the mediating photon fluctuations to make the
interaction short-range when required.
In this effective description, the lattice of cavities mod-
ifies the dynamics of the mechanical modes by adding co-
herent phonon-hopping processes between previously un-
coupled mechanical modes and acting as a thermal bath
for L extended phononic modes {βˆ(↓)` }.
Periodic 1D optomechanical lattice — We now ex-
ploit the effective description derived above to study the
emergence of persistent directional heat currents in an
experimentally-relevant model: a ring composed of L
sites. To this aim, the cavities are driven individually
with the same intensity but with a site-dependent phase
such that |F`| = F and Arg(F`) = `φ with φ = 2pin/L
and n ∈ Z, which creates an homogeneous phase gradient
around the ring [28, 29]. This situation is schematically
illustrated in Fig. 1 (b). Following Eqs. (5) and (6), the
unitary part of the mechanical effective dynamics is gov-
erned by:
Hˆeffm =
∑
`
(ωm + J
(+)
0 + J
(−)
0 )dˆ
†
` dˆ`
+
∑
±
∑
1≤p<L
J (±)p
2
∑
`
(
dˆ†`+pdˆ`e
∓φ×p + H.c.
)
, (8)
where
J (±)p =
∑
k
eikp
L
|G|2(±ωm + ∆˜ + J cos k)
(±ωm + ∆˜ + J cos k)2 + (γc/2)2
(9)
is the real-valued amplitude of the effective complex cou-
pling between p-distant modes. The second line makes
appear two sets of directional couplings, noted by ±.
This can be understood from second order perturbation
theory by examining the two mechanics-to-mechanics
scattering processes with finite overlap 〈f |Vˆ`+pVˆ`|i〉 that
preserve the total energy: 〈f |G?`+pcˆ`+pdˆ†`+p × G`cˆ†` dˆ`|i〉
and 〈f |G`+pcˆ†`+pdˆ†`+p × G?` cˆ`dˆ`|i〉, which give opposite
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FIG. 3. Gain Γ−k(−ωm) (dashed) and loss Γk(+ωm) rates
induced by the engineered reservoir for various J/γc. Other
parameters are: L = 16, φ = 8 × 2pi/L, |α|2 = 100, g/ωm =
1/3 · 10−3, γc/ωm = 1 · 10−1, γm/ωm = 10−3, and n¯ = 10.
∆˜ = +ωm−J for the gain rate and ∆˜ = −ωm−J for the loss
rate.
contributions to the net effective piercing flux. The
magnitude of each of these directional hopping channels,
and thus the net effective flux, can be adjusted via the
drive detuning ∆. This dependence is complex in gen-
eral, as shown in Fig. 2 for J (+)p . The incoherent part of
the effective dynamics is given by Eq. (6) by substitut-
ing: γ
(`)
m , n¯` → γm, n¯; βˆ(↓)` , βˆ(↑)` → d˜k, d˜†−k; Γ(+)` ,Γ(−)` →
Γk(+ωm),Γk(−ωm). The Fourier modes are defined as
d˜k =
1√
L
∑
`e
−ik`dˆ` with k ∈ {n× 2pi/L}L−1n=0 and where
Γk(ω) =
|G|2γc
(ω + J cos(k + φ) + ∆˜)2 + (γc/2)2
. (10)
In contrast to the single resonator case [30], our system
has L Stokes sidebands at ∆˜(−)k = ωm−J cos(k−φ) and L
anti-Stokes sidebands at ∆˜(+)k = −ωm−J cos(k−φ), that
respectively drive or cool collective mechanical modes.
In Fig. 3 we show the k-space asymmetry between the
incoherent gain and loss rates for φ 6= 0 around the low-
est Stokes and anti-Stokes sidebands. Depending on the
detuning, the engineered optical reservoir acts onto the
system either by absorbing collective excitations with
pseudo-momentum k ∼ −φ (jump operator d˜k) or by
creating excitations with opposite momentum k ∼ +φ
(jump operator d˜†−k). Let us stress that this is not the
result of the optical driving being at resonance with any
particular k-mode as it holds when the dissipation rate is
of the order of the width of the optical lattice’s spectrum
(J ∼ γc). In such a regime, the concept of resonance has
no longer any operative meaning.
Let us now investigate the steady state properties
of this effective model by diagonalizing the Liouvillian
in the Fourier mode basis as Hˆeffm =
∑
kωkd˜
†
kd˜k and
4Deffm ρˆm =
∑
k
(
Γ(↓)k D[d˜k]ρˆm + Γ(↑)k D[d˜†−k]ρˆm
)
, with
ωk = ωm +
∑
±
|G|2(±ωm + ∆˜ + J cos(k ± φ))
(±ωm + ∆˜ + J cos(k ± φ))2 + (γc/2)2
,
(11)
Γ(↓)k = γm(n¯+ 1) + Γk(+ωm) ; Γ
(↑)
k = γmn¯+ Γk(−ωm).
(12)
As can be seen in Eqs. (11) and (12), both the unitary
and the dissipative part of the Liouvillian are no longer
even in k-space for finite φ, as a result of having explic-
itly broken the parity symmetry of the coupling to the
reservoir. In particular, with a driving laser operated
around the lowest anti-Stokes sideband (∆˜ ≈ −J − ωm)
and within the resolved sideband regime (γc  ωm), to
first order in J/γc the system has a non-even dispersion
relation of the form ωk = cst. + 4(|G|/γc)2J cos(k + φ)
with a groundstate at finite momentum kGS = +φ.
Permanent cavity-mediated directional heat current —
The optical mean-field phase gradient yields a perma-
nent directional heat flow around the ring of disks.
Indeed, as discussed in the SM [26], the continu-
ity equation satisfied by the phonon number operator
i[Hˆeffm , dˆ
†
` dˆ`] = −
∑
p(ˆ`→`−p + ˆ`→`+p), with ˆ`→`+p =
−∑± J(±)p2i (dˆ†`+pdˆ`e∓iφp−H.c.), induces the following def-
inition for a net circulating current operator: ˆC =∑L
`=1
∑
1≤p<dL/2e ˆ`→`+p. In k-space, it reads:
ˆC = −
∑
k
∑
1≤p<dL/2e
∑
±
J (±)p sin(p(k ± φ))d˜†kd˜k. (13)
For our effective model, we get:
〈ˆC〉ss = −
∑
k
∑
1≤p<dL/2e
∑
±J
(±)
p sin(p(k ± φ))
Γ(↓)k /Γ
(↑)
−k − 1
. (14)
The net permanent heat current whirling around the
ring is thus simply QC = ωm〈ˆC〉ss. This heat trans-
ported over a mediating photon lifetime is shown in sin-
gle phonon energy units in Fig. 4 as a function of ∆˜/ωm
and J/γc. Its sign (sense) depends crucially on the de-
tuning. Indeed, the effective coherent coupling can be
regarded as an optical spring effect in k-space and, as
such, it changes sign when crossing a sideband.
In Fig. 5 (a), we show the behavior of contributions
Q`→`+p = ωm
∑
`〈ˆ`→`+p〉 to the total flow as a func-
tion of J when the detuning ∆˜ is adjusted to follow its
maximum (dash-dotted line of Fig. 4). Interestingly, QC
is non-monotonic in J/γc. This admits an intuitive in-
terpretation. For J . γc, optical fluctuation quanta me-
diating the heat transport are short-lived (τc . 1/J) and
are thus destroyed before reaching sites farther than their
nearest neighbors. This implies that the only sizable con-
tribution is that flowing by local steps in the clockwise
direction. Conversely, for J & γc, optical fluctuation
quanta can be scattered farther across the optical lattice
0 5 10 15 20
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FIG. 4. Absolute value of the predicted net permanent heat
current |QC | in units of ωm/γc around a ring of L = 8 cavity-
coupled optomechanical resonators as a function of the inter-
cavity coupling and the detuning. The hatched regions corre-
spond to negative values. The system is unstable in the gray
region. Parameters: φ = 2pi/L, |α|2 = 100, g/ωm = 1 · 10−2,
γc/ωm = 1 · 10−1, γm/ωm = 10−3, and n¯ = 100.
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FIG. 5. (a) Contributions Q`→`+1 = ωm
∑
`〈ˆ`→`+p〉 and net
directional heat flow QC =
∑
p<dL/2eQ`→`+1 along the dash-
dotted line of Fig. 4 as predicted by our effective theory (lines)
and mean-field (circles). (b) Sketch of the two leading contri-
butions in (a). (c) Gradual triggering of off-diagonal coher-
ence g
(1)
`,`+p = 〈dˆ†` dˆ`+p〉/(〈dˆ†` dˆ`〉〈dˆ†`+pdˆ`+p〉)1/2. Same parame-
ters as for (a) except g/ωm = 5 · 10−3, ∆˜ = −J − ωm − γc/2,
and L = 12.
before being destroyed by the cavity losses and the per-
manent heat flow is supported on supplementary directed
graphs [cf. Fig. 5 (b)]. In this case, a non-local anticlock-
wise contribution is responsible for the non-monotonic
dependence on J/γc of the net current. Fig. 5 (c) shows
on a longer chain how longer-range correlations get grad-
ually triggered as the J/γc ratio is increased.
Conclusion — We have studied the emergence of spa-
tial correlations and permanent directional heat currents
across lattices of optomechanical resonators whose me-
chanical modes are originally uncoupled. In our picture,
5quantum fluctuations of the optical fields mediate effec-
tive long-range interactions between mechanical sites of
both coherent and dissipative nature, whose range is tun-
able via the correlation length of the reservoir. A remark-
able feature is the possibility to flow arbitrary phonon
streams in directions and topologies that seems to con-
tradict common thermodynamic intuition, for example,
a permanent phonon heat flow can be generated in the
absence of thermal gradient.
More generally, our investigation provides a first in-
stance of a broader class of physical situations for which
a weak coupling to an extended reservoir suffices to alter
dramatically the fate of an initially trivial set of inde-
pendent modes. The here presented effective description
introduces an analytical tool for understanding quan-
tum systems interacting via extended close-to-markovian
reservoirs, a realm yet to be fully explored.
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1Supplemental Material: Permanent directional heat currents in lattices of
optomechanical resonators
I. ADIABATIC ELIMINATION OF EXTENDED DRIVEN-DISSIPATIVE RESERVOIRS
A. Discrete reservoir
Let us consider some generic system S whose dynamics is governed by a Liouvillian LS and a reservoir R described
by a Liouvillian LR. The corresponding two sets of degrees of freedom are weakly coupled via a Hamiltonian term of
the form Vˆ = λ
∑
i Rˆi ⊗ Sˆi where λ is a scale bookmark and where {Rˆi}i and {Sˆi}i act respectively on the reservoir
and on the system Hilbert spaces. We associate sets of ladder operators {aˆi}i and {bˆi}i to the reservoir and the system,
respectively. The vacuum is then displaced to a stable mean-field solution {αi, βi}i towards which the reservoir is
driven (ρˆ 7→ Dˆ†ρˆDˆ, L • 7→ DˆLDˆ† • with Dˆ = exp(αiaˆi + βibˆi − H.c.)) and the resulting Liouvillians are expanded
to second order in the reservoir’s ladder operators. By construction, the reservoir becomes thermal-like, in the sense
that all its correlation functions decay exponentially in time, and can be traced-out by means of the Born-Markov
procedure [31]. We first perform a Born approximation, by assuming that the state of the reservoir and the system,
initially ρˆ(t0) = ρˆR(t0) ⊗ ρˆS(t0), remains separable upon time-evolution ρˆ(t) ≈ ρˆR(t) ⊗ ρˆS(t). This yields first the
following non-Markovian master equation for the reduced density matrix of the system ρˆS(t) = TrR[ρˆ(t)] [36]
∂tρˆS(t) = TrR[LRρˆ(t) + LSρˆ(t)− i[Vˆ , ρˆ(t)]] ≡ LSρˆS(t) + δLSρˆS(t), (S1)
δLSρˆ(t) = −λ2
∑
ij
∫ t−t0
0
dτ
{〈Rˆi(t− t0)Rˆj(t− t0 − τ)〉R[Sˆi, eLSτ (Sˆj ρˆS(t− τ))] + H.c.}
t0→−∞−−−−−→ −λ2
∑
ij
∫
R+
dτ
{Gij(τ)[Sˆi, eLSτ (Sˆj ρˆS(t− τ))] + H.c.}, (S2)
where it was assumed for simplicity that 〈Vˆ 〉(t→ +∞) = 0 (e.g. Vˆ normal-ordered in {aˆi}i) and where
Gij(τ) = lim
t→+∞〈Rˆi(t)Rˆj(t− τ)〉R. (S3)
The limit in the last line is taken as we only aim at describing the dynamics at a timescale larger than the relaxation
time of the reservoir. For consistency, we also assume that the system was weakly coupled to its environment so
that λ2 exp(LSτc) • ≈ λ2 exp(−i[HˆS , • ]τc). We then perform a Markov approximation by neglecting the effect of the
reservoir on the system on times of the order of the reservoir’s correlation time τc, yielding
δLSρˆ(t) ≈ −λ2
∑
ij
∫
R+
dτ
{Gij(τ)[Sˆi, e−iHˆSτ Sˆje+iHˆSτ ρˆS(t)] + H.c.}. (S4)
By decomposing the coupling operators in the eigenoperator basis of HˆS as Sˆi =
∑
α sˆi(ωα), where the {sˆi(ω)}i are
such that [HˆS , sˆi(ω)] = −ωsˆi(ω) and {ωα}α denotes the set of all possible transition energies between eigenstates of
the system Hamiltonian HˆS , and, by neglecting counter-propagating terms (consistent with the assumption made in
the previous paragraph), one finally gets
δLSρˆ(t) ≈ −λ2
∑
i,j,α
S(α)ij
[
sˆ†i (ωα),
[
sˆj(ωα)ρˆS(t)
]]
+ H.c. (S5)
with S
(α)
ij =
∫
R+ dτGij(τ)eiωατ . Its Lindblad form can be made explicit by identifying the Hermitian and anti-
Hermitian components of the reservoir spectrum
S(α) + S(α)† = U(α)†Diag({Γ(α)i })U(α), with U(α)† = U(α)−1 (S6)
Ω(α) =
1
2i
(
S(α) − S(α)†), (S7)
in terms of which Eq. (S5) reads:
δLS = λ2
{− i[∑ijαΩ(α)ij sˆ†i sˆj , • ] +∑iΓ(α)i D[U (α)ji sˆj ]}. (S8)
2Assuming that the reservoir fluctuations remain Gaussian, for any choice of {Rˆi}i, S(α) can be computed from the
covariance matrix:
C(τ ≥ 0) = 〈Aˆ(τ) AˆT (0)〉 = e−iBτC(0), (S9)
where Aˆ = [. . . , aˆi, aˆ
†
i , . . .]
T and B is the Bogoliubov operator defined by the Bogoliubov-like equation i∂tAˆ = BAˆ.
In particular, for some generic linear form Rˆi = t
?
i aˆi + H.c. as in the main text, one obtains:
S(α) = TT
i1
ωα1−BC(0)T, (S10)
where T is given by the direct matrix sum T = Diag
(
. . . ,
[
t?i
ti
]
, . . .
)
. In the main text, no squeezing of the reservoir’s
fluctuations on top of mean-field was considered so that G(τ) = TTC(τ)T = TT (C′(τ)⊗ [ 0 10 0 ])T = (t t†)C′(τ) =
(t t†) e−iB′τC′(0), with C ′ij(0) = δij , and then S(α)ij = t?i tj
[
i
ωα1−B′
]
i,j
, where the simpler Bogoliubov operator was
such that i∂taˆi = B
′
ij aˆj .
B. Continuous reservoir
The same procedure can be applied to continuous reservoirs. For example, let us consider the case of some
translational-invariant reservoir defined by the squeezed Gaussian fluctuations of a free condensate around its mean-
field solutions:
Hˆ =
∫
drdr′Ψˆ†(r)H(r− r′)Ψˆ(r′) , D =
∫
drγcD[ψˆ(r)], (S11)
where the modes Ψˆ(r) = [ψˆ(r), ψˆ†(r)]T satisfy some Bogoliubov equation i∂tΨˆ(r) =
∫
dr′B(r− r′)Ψˆ(r′) [34], where
the Bogoliubov operator typically carries some dependence on the mean fields accounting for the nonlinearity of the
model. This continuous set of degrees of freedom is put in contact with some discrete set of mechanical modes via an
interaction Hamiltonian
Vˆ = λ
∑
i
Rˆ(ri)⊗ Sˆi, (S12)
with some general choice of local coupling Rˆ(r) = tT (r) · Ψˆ(r).
Under the above-discussed approximations, the system’s effective master equation has the same expression as in the
previous subsection, the only difference being the expression of the reservoir spectrum S(α)ij =
∫
R+ dτe
iωατG(ri, rj ; τ),
which here takes the form of the following convolution:
S(α)ij = t
T (ri)C˜(ri − rj ;ωα)t(rj), (S13)
C˜(ri − rj ;ω) =
∫
dr
∫
dk
(2pi)d
ieik·(ri−rj−r)
ω1− B˜(k)
C(r; 0). (S14)
The covariance C(r; 0) = 〈Ψˆ(r)ΨˆT (0)〉 is to be evaluated from the steady-state mean-field solution and B˜(k) =∫
dre−ik·rB(r).
II. BENCHMARKING THE EFFECTIVE DESCRIPTION
In order to benchmark our effective description, we compute the exact steady-state covariance matrix of both
optical and mechanical fluctuations for the linearised model described by Eq. (4) and extract the exact mean-field
single-particle density matrix σmn = 〈dˆ†mdˆn〉ss as given by:
σMF`,`′ = lim
t→+∞
〈
φˆ(t) φˆT (t)
〉
L+2`,L+2`′−1 , (S15)
where φˆ(t) = [cˆ1(t), cˆ
†
1(t), . . . , dˆ1(t), dˆ
†
1(t), . . .]
T , and compare it to the single-particle density matrix of the effective
description given explicitly by
σeff``′ =
1
L
∑
k
e−ik(`−`
′)
Γ(↓)k /Γ
(↑)
−k − 1
(S16)
3by computing the error δ = ‖σeff − σMF‖2/‖(σeff + σMF)/2‖2.
As shown in Fig. 5 (a) and (c) of the main text, and Fig. S1, the analytical results obtained from the effective theory
match the numerical solution of the linearised dynamics in a wide regime of parameters.
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FIG. S1. Imaginary part of the steady-state single-particle density matrix predicted by the effective theory as given by Eq. S16
for L = 8, φ = 2×2pi/L, |α|2 = 100, ∆˜ = −J −ωm, g/ωm = 1 ·10−2, γc/ωm = 1 ·10−1, γm/ωm = 1 ·10−3, n¯ = 10 and J/γc = 1
(a) and J/γc = 5 (b). Relative errors δ are 1.0% (a) and 0.7% (b). (c) δ as a function of the effective optomechanical coupling
and the inter-cavity coupling for L = 8, φ = 2pi/L, |α|2 = 100, ∆˜ = −J − ωm − γc/2, γc/ωm = 1 · 10−1, γm/ωm = 1 · 10−3 and
n¯ = 100. δ ≥ 5% in the dashed region.
III. CONTINUITY EQUATION IN A GENERAL SETTING
In the effective model discussed in the main text, all sites are potentially mutually coupled via the reservoir so the
current operators are to be carefully defined.
To do so, let us consider a lattice system as defined by some graph G = (Σ, E) with vertices Σ, edges E and one of
its subsystems G[Ω] defined as the subgraph supported on some subset of vertices Ω ⊆ Σ. Furthermore, let us denote
OˆΩ =
∑
i∈Ω Oˆi some extensive observable Oˆ. Then, OˆΩ must satisfy a continuity equation of the form
∂tOˆΩ = −
∑
(i,j)∈∂Ω
ˆOi→j + σˆ
O
Ω = L†OˆΩ, (S17)
where the boundary ∂Ω of the subsystem G[Ω] was defined as the set of edges ∂Ω = {(i, j) ∈ E : i ∈ Ω, j /∈ Ω} directed
from the subsystem to the rest of the system. σˆOΩ is a source term and L† is the adjoint Liouvillian [31] driving the
operator dynamics.
Now let us split the adjoint Liouillian as L† = LO†C +LO†NC into a part conserving the total amount of Oˆ (LO†C OˆΣ) and
the rest LO†NC = L† −LO†C . By definition, ∂Σ = {∅} so the current contribution vanishes for Ω→ Σ (∂tOˆΣ = 0 + σˆOΣ ).
Therefore, ∀Ω ⊆ Σ:
L†COˆΩ = −
∑
(i,j)∈∂Ω
ˆOi→j , L†NCOˆΩ = σˆOΩ . (S18)
For the model discussed hereby, once linear terms are absorbed into a static coherent displacement, the Louvillian
conserving the total internal energy UˆΣ =
∑
i∈Σ ωmdˆ
†
i dˆi is the effective Hamiltonian LU†C • = i[Hˆeffm , • ] while the
effective dissipator acts as a source/sink. From
LU†C Uˆ` = −
∑
1≤p<L
(ˆU`→`+p + ˆ
U
`→`−p), (S19)
one obtains the definition of heat current used in the main text ˆU`→`+p = ωmˆ`→`+p = −
∑
±
J(±)p
2i (dˆ
†
`+pdˆ`e
∓iφp −H.c).
Moreover, if LUNCρˆm(t → +∞) = 0, as is the case in the main text, then limt→+∞ Tr[ρˆmLU†C Uˆ`] = 0, i.e. either〈ˆU`→`±p〉t→∞ = 0 (no permanent current) or 〈ˆU`→`+p〉t→∞ = −〈ˆU`−p→`〉t→∞ (permanent current). To discriminate
4between these two cases, one can define a directional circulating current ˆUC = ωm
∑L
`=1
∑
1≤p<dL/2e ˆ`→`+p as done
in the main text which only vanishes in the absence of permanent currents, thus serving as a witness of existence of
permanent currents.
IV. EFFECTIVE MULTI-MODE SQUEEZING FROM A TWO-TONE-DRIVEN EXTENDED
RESERVOIR
Let us consider the general Liouvillian defined in Eqs. (1) and (3) of the main text. By a two-tone driving of the
cavities so as to have αi(t) = α
(+)
i e
−iω(i)m t + α(−)i e
+iω(i)m t (in the frame rotating at ωp) as optical mean-field solutions,
in the spirit of reference [35], the coupling Hamiltonian in Eq. (4) reads in the interaction picture of the mechanical
modes:
Vˆi = −
(
G(+)i dˆi +G
(−)
i dˆ
†
i
)
cˆi + H.c.−
(
G(+)i dˆ
†
ie
+2iω(i)m t +G(−)i dˆie
−2iω(i)m t)cˆi + H.c., (S20)
where subdominant terms (O(gcˆ†cˆdˆ)) were neglected. As in the above reference, we define G(±)i = giα(±)i and take
|G(±)i | = G(±), ∀i. By neglecting the rapidly varying last term and defining mechanical Bogoliubov modes βˆi =
cosh reiθi dˆi + sinh re
iϕi dˆ†i , where r = G
(+)/G(−), θi = Arg(G
(+)
i ) and ϕi = Arg(G
(−)
i ), the effective coupling becomes
−η cˆiβˆ†i + H.c. with η =
√
G(−)2 −G(+)2.
By using the result of the main text, one gets the following effective Liouvillian by tracing out the optical degrees
of freedom:
Hˆeffm =
∑
ij
Ωij βˆ
†
i βˆj , (S21)
Deffm =
∑
i
γ(i)m
(
(n¯i + 1)D[dˆi] + n¯iD[dˆ†i ]
)
+
∑
i
ΓiD[U ji βˆj ], (S22)
with
S + S† = U†Diag({Γi})U ; Ω = 1
2i
(
S− S†) (S23)
and
S = −iη2B−1 ; B = −J
z
A−Diag({∆˜i + iγ
(i)
c
2 }). (S24)
By defining αij = Arg(Ωij), θij = (θi − θj)/2 and ϕij = (ϕi − ϕj)/2, Θij = (θi + θj)/2 and Φij = (ϕi + ϕj)/2, one
can rewrite:
Hˆeffm =
∑
i
Ωiiβˆ
†
i βˆi +
∑
i>j
2|Ωij |
(
sinh2 r cos(ϕij + θij − αij)ei(ϕij−θij) + 12eiαij−i(θi−θj)
)
dˆ†i dˆj + H.c.
+
∑
i>j
2|Ωij |ei(Θij−Φij) cosh r sinh r cos(θij + ϕij − αij)dˆ†i dˆ†j + H.c. (S25)
For instance, by having J / γc so that next-to-nearest-neighbors terms can be dropped (see Fig. S1 (a)) and choosing
the phase of the drives so as to have θ`+1 − θ` = ϕ`+1 − ϕ` = α`+1,` [2pi] and θ` − ϕ` = ν, we obtain:
Hˆeffm =
∑
i
Ωiiβˆ
†
i βˆi +
∑
i
[
2|Ωi+1,i|
(
sinh2 r + 12
)
dˆ†i+1dˆi + 2|Ωi+1,i| cosh r sinh r eiν dˆ†i+1dˆ†i + H.c.
]
. (S26)
The system is thus subject to multi-mode squeezing as long as the system remains stable. By combining this with
the engineered complex tight-binding interaction, one could in principle obtain a dissipative version of the bosonic
Kitaev-Majorana described in reference [12].
